A normal subgroup of a strongly reductive subgroup is strongly reductive  by Martin, Benjamin M.S.
Journal of Algebra 265 (2003) 669–674
www.elsevier.com/locate/jalgebra
A normal subgroup of a strongly reductive subgroup
is strongly reductive
Benjamin M.S. Martin
Institute of Mathematics, Hebrew University of Jerusalem, Jerusalem 91904, Israel
Received 28 April 2002
Communicated by Alexander Lubotzky
Abstract
Let H be a strongly reductive subgroup of a reductive linear algebraic group G over an
algebraically closed field k. We prove that any closed normal subgroup N of H is also a strongly
reductive subgroup of G. If G = GLn(k) then this is a consequence of Clifford’s Theorem from
representation theory.
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1. Strongly reductive subgroups
Let G be a reductive linear algebraic group, possibly nonconnected, over an alge-
braically closed field k. The notion of a strongly reductive subgroup of G was introduced
by Richardson [5, §16] in order to classify closed conjugacy classes of m-tuples of ele-
ments of G, and subsequently played an important part in extending a result of Vinberg
[6, Theorem 1] on maps between character varieties from characteristic zero to arbitrary
characteristic [3]. In view of these examples, strong reductivity is worthy of further study.
Here is the definition: let H be a closed subgroup of G and let S be a maximal torus
of the centraliser ZG(H). We say that H is a strongly reductive subgroup of G if H is
not contained in any proper generalised parabolic subgroup of ZG(S). (The definition of a
generalised parabolic subgroup is given below; for connected G, parabolic subgroups and
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depends on the way in which H is embedded in G.
Example 1 [5, Corollary 16.10]. Let n ∈ N, let H be a closed subgroup of SOn(k) and
suppose that k does not have characteristic 2. Then H is a strongly reductive subgroup of
SOn(k) if and only if kn is semisimple as a kH -module.
For further discussion and some basic properties of strong reductivity, see [5, §16] and
[3, §6].
In this note we prove the following result.
Theorem 2. Let H be a strongly reductive subgroup of a reductive group G. If N is a
closed normal subgroup of H then N is a strongly reductive subgroup of G. In particular,
the identity component H 0 of H is a strongly reductive subgroup of G.
A strongly reductive subgroup of a reductive group is reductive [3, §6], so H is
reductive. It is clear that a closed normal subgroup of a reductive group is also reductive,
so N is reductive. In characteristic zero, a closed subgroup M of G is strongly reductive if
and only if it is reductive [3, Proposition 6.6], and Theorem 2 follows immediately. Thus,
Theorem 2, and the concept of strong reductivity itself, are only of independent interest in
nonzero characteristic.
We follow the notation and conventions of [3]; in particular, we allow reductive groups
to be nonconnected. Thus, we denote the set of one-parameter subgroups of G by Y(G).
Given λ ∈ Y(G), we denote by Pλ (or Pλ(G)) the set of elements g ∈ G such that
limx→0 λ(x)gλ(x)−1 exists (we recall the definition of limit below). The set Pλ is a
closed subgroup of G, and Pλ ∩ G0 = Pλ(G0) is a parabolic subgroup of the identity
component G0. This implies that the normaliser NG(Pλ) is a finite extension of Pλ
(although NG(Pλ) = Pλ in general). We call Pλ a generalised parabolic subgroup of G.
For any g ∈G, λ ∈ Y(G) we have Pg.λ = gPλg−1, where G acts on Y(G) by conjugation.
If G acts on an affine variety V and if v ∈ V then we write [v]G for the G-orbit of v.
The main ingredient in the proof of Theorem 2 is Kempf’s theorem on optimal
destabilising one-parameter subgroups. Kempf works with connected groups only. In order
to see that his results generalise to nonconnected groups, and to derive Eq. (4) below, we
recall the relevant ideas from his paper [2]. Let V be an affine G-variety and let v ∈ V .
We say that limx→0 λ(x).v exists and equals w if there exists a morphism Mv(λ) : k→ V ,
necessarily unique, such that Mv(λ)(x)= λ(x).v for every x = 0 and Mv(λ)(0)= w. We
denote by |V,v| the set of one-parameter subgroups λ such that limx→0 λ(x).v exists.
Now let S be a closed G-stable subvariety of V such that v ∈ S. Then Mv(λ)(k\{0})∩S
is empty, so Mv(λ)(k) ∩ S is nonempty if and only if Mv(λ)(0) ∈ S. It follows that
the scheme-theoretic preimage Mv(λ)−1(S) is an effective divisor on k, supported inside
x = 0. We define αS,v(λ) to be the degree of this divisor; then αS,v(λ) is a nonnegative
integer and αS,v(λ) is nonzero if and only if limx→0 λ(x).v ∈ S.
A length function ‖ · ‖ on Y(G) is a G-invariant function from Y(G) to the nonnegative
reals with the following property: for any maximal torus T of G, there exists a positive
definite Z-valued bilinear form 〈· , ·〉 on Y(T ) such that for all λ ∈ Y(T ), we have
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and let W = NG(T )/T . Then W is a finite extension of the Weyl group NG0(T )/T , so
W is finite. The action of NG(T ) on T by conjugation gives an action of W on Y(T ),
and we have a map of orbit spaces ψ : Y(T )/W → Y(G)/G coming from the inclusion
Y(T )⊂ Y(G).
Lemma 3. (a) Any two maximal tori of G are conjugate.
(b) The map ψ is a bijection.
Proof. Part (a) is standard. It implies that ψ is surjective. Injectivity of ψ follows from
Lemma 2.8 of [4] (the proof given there goes through unchanged for nonconnectedG). ✷
Pick any positive definite Z-valued bilinear form 〈· , ·〉 on Y(T ). Since W is finite, we
can define a W -invariant positive definite Z-valued bilinear form 〈· , ·〉W on Y(T ) by
〈λ,µ〉W =
∑
w∈W
〈w.λ,w.µ〉.
Define ‖g.λ‖ = √〈λ,λ〉W for λ ∈ Y(T ) and g ∈G. It follows easily from Lemma 3 that
‖ · ‖ is a well-defined length function on Y(G).
We fix, once and for all, a length function ‖ · ‖.
Here is part of the main theorem of Kempf [2, Theorem 3.4]. A one-parameter subgroup
λ is said to be indivisible if we cannot write λ = µn for some one-parameter subgroup µ
and some integer n > 1.
Theorem 4. Let V , v be as above. Let S be a closed G-stable subvariety such that v /∈ S
but S meets the closure of [v]G (this ensures that |V,v| = {0}). Then:
(a) the function from |V,v|\{0} to the nonnegative reals defined by λ → (αS,v(λ)/‖λ‖)
attains a maximum value;
(b) there exists an indivisible one-parameter subgroup λ ∈ |V,v|\{0} such that this
maximum value is attained at λ. For any other indivisible one-parameter subgroup
µ with this property, we have that:
(i) Pλ = Pµ; and
(ii) λ, µ are conjugate by some element of the unipotent radical RuPλ.
Notation 5. Given V , v and S as above, we denote the uniquely defined generalised
parabolic subgroup Pλ that arises in this way by PS,v , and we say that the indivisible
one-parameter subgroup λ is optimal. We define ΛS,v ⊂ |V,v| to be the set of indivisible
optimal one-parameter subgroups.
It follows easily from Theorem 4 that for any g ∈G, we have
ΛS,g.v = g.ΛS,v and PS,g.v = gPS,vg−1. (1)
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holds for nonconnected G, since it holds for G0 (note that (b)(i) of Theorem 4 follows
from (b)(ii)).
Now we apply Kempf’s ideas to a particular case. Let V be an affine G-variety and
let m ∈ N. Consider the diagonal action of G on the product Vm. The symmetric group
Sm acts on Vm in the obvious way, and this action commutes with the G-action. Let
v = (v1, . . . , vm) ∈ V m and let λ ∈ Y(G). Since limx→0 λ(x).v exists if and only if
limx→0 λ(x).vi exists for every i = 1, . . . ,m, we see that
|Vm,w.v| = |V m,v|, (2)
for every w ∈Sm.
Let S be a closed G-stable subset of V m such that the m-tuple v and S satisfy the
hypotheses of Theorem 4, and assume, moreover, that S is Sm-stable. Fix w ∈Sm. It is
easily checked that for any λ ∈ |V m,v|, the divisors Mw.v(λ)−1(S) and Mv(λ)−1(S) are
equal, so we have
αS,w.v(λ)= αS,v(λ). (3)
Equations (2) and (3) imply that
ΛS,w.v =ΛS,v and PS,w.v = PS,v. (4)
Below we are interested in the special case where V =G and G acts on V by conjugation.
We refer to the orbits of G on Gm as conjugacy classes.
We need the following criterion for strong reductivity of a closed subgroup H
[3, Proposition 8.3].
Proposition 6. Suppose we are given h = (h1, . . . , hm) ∈ Hm such that h1, . . . , hm
topologically generate H . Then H is a strongly reductive subgroup of G if and only if
the orbit [h]G is closed in Gm.
2. Proof of Theorem 2
Since the property of being a strongly reductive subgroup is invariant under extension
of the ground field (see [3, Proposition 10.2]), we may assume that k is transcendental
over the prime field. This implies, by Lemma 9.2 of [3], that there exist n1, . . . , nr ∈ N
and h1, . . . , hm ∈H for some r,m ∈N such that n1, . . . , nr topologically generate N and
h1, . . . , hm topologically generate H .
It follows from the proof of [3, Proposition 3.2] that we can find a finite subgroup F of
H such that H =H 0F . Let 1 = f1, f2, . . . , fs be the elements of F . Define n ∈Nrs by
n = (n1, . . . , nr , f2n1f−1, . . . , f2nrf−1, . . . , fsn1f−1s , . . . , fsnrf−1s
)2 2
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h = (n1, . . . , nr , f2n1f−12 , . . . , f2nrf−12 , . . . , fsn1f−1s , . . . , fsnrf−1s , h1, . . . , hm
)
.
For each 1 i  s, we can choose wi ∈Srs such that fi .n =wi.n.
Suppose that N is not a strongly reductive subgroup of G. By Proposition 6 the
conjugacy class [n]G is not closed. By standard geometric invariant theory, the closure of
[n]G contains a unique closed conjugacy class S1. Let S =⋃w∈Srs w.S1. Then S is closed
and S is a union of closed conjugacy classes, so n /∈ S and the hypotheses of Theorem 4
hold. We have therefore an indivisible one-parameter subgroup λ that is optimal in the
sense of Theorem 4, with Pλ = PS,n. Note that limx→0 λ(x)niλ(x)−1 exists for every
i = 1, . . . , r , so each ni belongs to PS,n; since n1, . . . , nr topologically generate N , it
follows that N ⊂ PS,n. To complete the proof, it is enough to show that H ⊂ PS,n: for then
limx→0 λ(x).h exists in Grs+m but does not belong to [h]G (because limx→0 λ(x).n exists
in Grs but does not belong to [n]G), which implies that [h]G is not closed, contradicting
the strong reductivity of H .
By Lemma 6.8 of [3], we have H 0 = (ZH(N)N)0. If h ∈ ZH(N) then hPS,nh−1 =
PS,h.n = PS,n by Eq. (1). Since NG(PS,n) is a finite extension of PS,n, it follows that
H 0 ⊂ PS,n. Finally, let 1  i  s. Equations (1) and (4) together with part (b)(ii) of
Theorem 4 imply that fi .λ = ui.λ for some ui ∈ RuPS,n. Then u−1i fi centralises λ(k∗),
so u−1i fi ∈ PS,n, so fi ∈ PS,n. This completes the proof of Theorem 2.
Corollary 7. Any closed normal subgroup of a reductive group G is a strongly reductive
subgroup of G.
Proof. It is immediate from the definition that G is a strongly reductive subgroup of G.
Now apply Theorem 2 with H =G. ✷
Remark 8. The converse of Theorem 2 is false. For example, let G be connected and let
H = {h1, . . . , hm} be a nontrivial finite unipotent subgroup of G. It is a standard result that
H is contained in the unipotent radical of some parabolic subgroup P of G, and we can
write P = Pλ for some λ ∈ Y(G). We have
lim
x→0λ(x).(h1, . . . , hm)= (1, . . . ,1)
(see [3, Proposition 5.2(c)]), so [(h1, . . . , hm)]G is not closed, so H is not a strongly
reductive subgroup of G. But the trivial subgroup {1} = H 0 of G is always strongly
reductive.
3. A special case
In the special case G = GLn(k), Theorem 2 is a corollary of Clifford’s Theorem from
representation theory (I am grateful to Alex Lubotzky for this observation). We see this as
follows. Let H , N be closed subgroups of G = GLn(k) with N  H . By Lemma 16.2
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(respectively N ) is a strongly reductive subgroup of GLn(k). So it suffices to prove that
if kn is semisimple as a kH -module then it is semisimple as a kN -module. This is part
of Clifford’s Theorem (see [1, Theorem 11.1(i)]; the proof given there holds for infinite
groups as well as finite ones).
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